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Introduction
The submerged membrane filtration has been increasingly used in membrane bioreactor and wastewater treatment processes in recent years. 1, 2 In particular, the submerged hollow fiber membrane systems have gained more popularity than either flat-sheet or tubular membrane modules due to lower cost in fabrication and energy saving in operation. 3, 4 However, it is very difficult to control the hydrodynamics of such systems owning to the Revised manuscript AIChE-15-16842R2 for submission to AIChE Journal 4 efficiency, Yoon et al. 14 established and discussed a model covering packing density and module configuration as well as the optimum range of fiber diameter and fiber length for one-side and two-side suctions.
Although the development of above models is based upon the Hagen-Poiseuille theory to illustrate the relationship between flux profile and operating and design parameters of hollow fibers, as a basic hydrodynamic equation, the Hagen-Poiseuille equation is commonly applied to describe the flow law of liquids in horizontal and impermeable pipe. Especially, Kim et al. 16 described a perturbation approach of the Navier-Stokes and continuity equations to investigate the effect of membrane length and hydraulic resistance on the steady-state laminar flow of the fluid in the fiber lumen. It indicated that the flow velocity in fiber lumen represents the exponential variation along the axial direction.
Although these models provide valuable insight into the filtration behavior under various operating conditions, they only focused on the overall separation performance rather than local filtration behavior. In addition, as the simulated results have been barely proved by
Revised manuscript AIChE-15-16842R2 for submission to AIChE Journal 5 experimental tests, the applications of these theoretical works are limited. Consequently, it is of great significance to develop an experimental method to measure local flux distribution along the fiber for filtration mathematical model construction.
Herein, to experimentally investigate the local filtration performance of individual fiber, a new experimental method on the basis of iteration method was proposed to measure local fluxes along the submerged hollow fibers in our previous study. 17 The results showed that the local flux distribution in the double-end filtration mode was more uniform than that in the dead-end filtration mode at the same operating conditions. Additionally, the local flux results coupled with ultrasonic measurements confirmed that the fouling behavior on the membrane surface was consistent with the local flux distribution.
The aim of the present study was to develop a filtration mathematical model to predict local flux distribution so as to optimize submerged hollow fiber membrane on the basis of the complete mass balance and momentum balance. In this model, the effect of radial permeate flow on internal flow resistance of hollow fiber was considered through a slip parameter obtained from the local flux measurements. The effects of average operating flux, fiber length and inside diameter on local flux distribution were investigated. Meanwhile, to provide a theoretical foundation for the optimization of hollow fiber membrane module, the model was employed to predict the relationship between design and operating parameters of submerged hollow fiber membrane module and its water production efficiency.
Modeling development
The schematic diagram of deionized water filtration through a submerged hollow fiber 
where ( ) ( ) P P z z P z ∆ = + ∆ − , P(z) is the local transmembrane pressure, τ is wall shear stress, d is inside diameter of fiber, ρ is water density, ( ) ( ) q z u z A = denotes the average axial flow velocity inside the fiber at coordinate z, and A is lumen cross-sectional area of fiber.
The shear force τ for laminar flow in tube is defined as:
where f is the Fanning frictional factor. It also should be noted that the Fanning frictional factor defined in Eq. (3) is based on the local average velocity ū.
Based on the Newton's law of viscosity, the wall shear stress τ is given by:
where µ is water viscosity, υ is radial flow velocity. On the assumption that the mass injection through the membrane wall is uniform at each segment (∆z), v z ∂ ∂ is zero at each segment and hence can be eliminated from Eq. (4). Thus Eq. (4) becomes:
Eq. (6) could be obtained by Substituting Eq. (5) into Eq. (2):
where
For the permeable tube, the different local filtration velocities along fiber result in the different local flow rates and the unsteady flow. 18 Thus the following boundary conditions can be difined: 19 at r=R,
where R is the fiber inside radius, u s is the slip velocity of membrane wall, K is the permeability of the membrane, α is dimensionless slip parameter depending on the pore structure of permeable material.
19
Using boundary conditions of Eq. (8), Eq. (6) can be rewritten:
In order to solve the unknown parameter u s , Eq. (12) can be obtained from Eq. (6) using another boundary conditions of Eq. (9):
The relationship between the axial flow velocity (u) and radial flow velocity (υ) can be obtained by combining Eq. (11) and Eq. (12):
The average axial velocity of cross-section (ū) can be calculated from: 
The shear stress in hollow fiber membrane is calculated using Eq. (2) and Eq. (15):
Thus, the Fanning frictional factor can be derived from Eq. (3) and Eq. (16):
Here, Re and Re r are axial and radial Reynolds number, respectively. It is noted that for the nonporous tube, the permeability K is equal to 0 and the radial Reynolds number Re r is also equal to 0. Thus, the Fanning frictional factor 16 Re f = , which is the dimensionless Fanning frictional factor caused by the fluid flow in the horizontal nonporous tube. 15 The pressure distribution along the fiber can be obtained from Eqs. (1), (2), (3) and (17):
where the differential length ∆z=L/N, L is fiber length, N is the number of the segments divided along fiber. Thus, Eq. (19) can be rewritten as:
32 32
On the basis of the resistance-in-series model, the local flux can be calculated by Eq. This article is protected by copyright. All rights reserved.
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where R t is total membrane resistance, R m is intrinsic membrane resistance. In the filtration experiments using deionized water, the total membrane resistance R t is equal to the intrinsic membrane resistance R m . The intrinsic membrane resistance R m (6×10 11 m −1 ) could be determined by filtrating deionized water through virgin hollow fiber membrane of 100 mm length.
The local flux distribution can be derived from Eqs. (20) and (21):
In order to solve Eq. (22), the following boundary conditions are used:
Eq. (23) implies that the local flux gradients vanish at the dead-end (z=0) of the hollow fiber. Eq. (24) means that the local flow rate inside the fiber at ith segment is equal to the sum of the local fluxes of total i segments.
It is noted that there is still an unknown parameter, slip parameter α, in the objective Eq.
(17) and Eq. (22), which can be evaluated using local flux experimental results as discussed in the following section.
Simulation algorithm
The procedures to obtain the local flux profile along the fiber are shown in Figure 2 . The As the flux gradients mainly depend upon these fiber design characteristics and operating parameters, more attention was given to the impact of the fiber length, fiber diameter as well as the average operating flux on local flux distribution along the fiber in this study.
(Insert Figure 2 here)
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Optimization strategy for fiber geometry
Calculation of production efficiency per footprint
To optimize the fiber length and diameter, the water production efficiency (Y) of module per footprint was calculated in this study as follows:
where ρ o is feed liquid density, L w is the height difference between the air nozzle and fiber end, L h is the distance from the fiber outlet to the liquid level. The total of L w and L h was assumed to be 0.5 m, which is obtained from membrane technology handbook. 20 Q o is aeration rate per unit cross section area of module. p o is standard atmospheric pressure and p s is suction pressure at the fiber outlet. E is the energy consumption of submerged membrane system. Q is the flow rate per unit cross section area of module and can be calculated as follows:
Here d o is a distance between two adjacent fibers and assumed to be equal to outside diameter of fiber (D) in this study for simplicity. ε is area ratio of fiber bundle in total footprint and assumed to be 0.5, which is obtained from the study of Yoon et al.
14

Objective function for optimization
The water production efficiency (Y) was set as the objective function with the constraint for optimization. The constraint was considered to ensure that the pressure drop in the lumen side of hollow fiber did not go beyond a reasonable value.
where ∆P t and ∆P tp are the real pressure drop and permitted pressure drop in the lumen side of the hollow fiber, respectively. To further elaborate the optimization process, the basic data of input parameters for the process were obtained from membrane technology handbook 20 and MBR pilot studies, 21 as listed in Table 1 .
(Insert Table 1 here) The procedure to make different hollow fiber membrane modules for the local flux measurements is described in the details in our previous study 17 . As shown in Figure 3b , a single hollow fiber membrane was inserted into two thin polyurethane (PU) hosepipes (intside diameter (d)/outside diameter (D) = 3 mm/4 mm), and the interspaces between the fiber and hosepipe were blocked off with epoxy resin. The hollow fiber membrane was divided into three sections-non-working section I, working section and non-working section II. To measure the local flux profile with fiber length of 1000 mm, ten hollow fiber membrane modules with the same working section length of 100 mm but at different positions along fiber longitudinally were used. Ten hollow fiber membranes were inserted into each individual hose, respectively. The characteristics of these hollow fiber membrane modules for local flux measurement were presented in Table 2 . For example, the working section with length of 100 mm in the hollow fiber membrane module 1# located near the upper suction end, whereas the working section in the module 10# located near the lower suction end.
Experimental materials and methods
Submerged microfiltration system
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Local flux measurements
Similarly, the procedure of local flux measurement was described in the details in our previous study 17 and only a summary was provided here. Before the experiments of local flux measurement, air bubbles inside the lumen of the membrane were removed thorough the following steps: (i) the hollow fiber membranes were soaked in 30 wt% glycerol and water solution for at least 24 h; (ii) the deionized water was gently injected into the fiber lumen from open-end using a 10mL syringe; and (iii) the wetted fiber was then carefully loaded into the membrane module shell with a sealed juncture around the PVC pipes to ensure leak free operation. The temperature of feed solution was maintained at 25.0±1.0 °C using a hotplate/magnetic stirrer and a chiller, and measured with a digital thermometer (Model JM222L, Jinming Instrument Co. Ltd., China). Afterwards, the filtration experiments of deionized water were carried out with submerged microfiltration system with constant pressure mode for all these hollow fiber membrane modules (Figure 3a) .
Permeate was collected in a beaker placed on an electronic balance for permeate monitoring and flux determination through a computer. The measured flux was essentially an average flux value of the working section and was considered as the approximate local flux at the middle point of the working section. All the local flux measurements were
Revised manuscript AIChE-15-16842R2 for submission to AIChE Journal 16 repeated three times to confirm the reproducibility of the experimental data.
Results and Discussion
Parameter calculation and model verification
To solve the slip parameter α, Eq. (17) 
In addition, the experimental data used for calculating equation parameter, slip parameter α, .h) as listed in Table 3 . The Fanning frictional factor (f) on the y-axis was solved using the data of local flux into Eq. (22) . Similarly, the axial (Re) and radial (Re r )
Reynolds numbers could be obtained using the data shown in Table 3 . The known parameters of membrane permeability (K) and fiber inside radius (R) were 1.66×10 -9 m/(s.Pa) and 0.35 mm, respectively. Based on Eq. (28), the experimental data were analyzed and plotted following the linear relationship of ln(f) and ln(16/Re)+ln(1-2Re r /Re) with a correlation coefficient R 2 > 0.99, as shown in Figure 4 . Therefore, the coefficient (
calculated as 0.35 on the basis of the intercept of the linear regression equation. Finally, the slip parameter α obtained was 0.45, which is relative to the pore structure or average pore size of the permeable materials. 19 It should be noted that based on Eq. (17), the fraction factor would increase with an increase on slip parameter, and thus leading to greater pressure drop along the hollow fiber membrane caused by larger flow resistance.
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The effect of radial permeate flow on internal flow resistance was taken consideration into the developed model using the slip conditions. To validate the developed model, the simulated suction pressures at the outlet were compared with the experimental data obtained from pure water filtration at different average operating fluxes as shown in Figure 5 . The suction pressures under different flux conditions were calculated using Eq. (20) . The experimental data taken from the work of Yoon et al. 22 were employed to validate the proposed model. The model parameters and physical properties used for predicting experimental data of Yoon et al. 22 were given in Table 4 . For comparison, the predicted results from Chang's model 7 based on the Hagen-Poiseuille theory were also incorporated in Figure 5 . It can be found in Figure 5 that the experimental and simulated suction pressures increased linearly with the increase of averaged operating flux. In addition, the predictions using the proposed model in our study were in more accordant with the experimental results than that using Chang's model based on the Hagen-Poiseuille theory.
As shown in Figure 5 , an interesting phenomenon is that the simulated suction pressures using the proposed model were almost same as those using Chang's model at the low average operating flux (< 5 L/(m 2 .h)). However, at the high average operating flux, the predictions using the proposed model were obviously larger than those using Chang's model. For The deviation is ascribed to the flow resistance resulting from the transmembrane flow which increases with the increase of averaged operating flux. 18 The results confirmed that the model developed in this study was able to predict accurately the relationship between the average operating flux and suction pressure.
(Insert Table 4 here) (Insert Figure 5 here)
Predicting influence of process parameter on local flux distribution
As an important parameter of fiber geometry, fiber length affects not only water production but also aeration efficiency. 23 Thus, the model developed was further used to investigate the effects of fiber length, average operating flux and inside diameter of fiber on local flux distribution.
The local flux profiles of the submerged hollow fiber membrane with different length of phenomenon is ascribed to the pressure drop in fiber lumen. 5 A large driving force generated at a high flux during the operating could lead to a large pressure drop due to the increase of the flow resistance. 24 Thus, the increase of the average operating flux slightly impacted the local flux near the dead-end.
(Insert Figure 7 here)
In addition, fiber diameter as a significant fiber geometry parameter affects packing density of module and the hydrodynamics of fiber lumen. Hence, it is essential to investigate the effect of fiber diameter on the local flux distribution. As can be seen in Figure 8 , the local flux difference between both ends of the fiber increased significantly from 18.2 to 46.0 L/(m 2 .h) with the decrease of fiber inside diameter from 0.9 to 0.5 mm, indicating the asymmetry distribution of the local flux along the fiber intensified with the decrease of fiber inside diameter. Furthermore, an interesting phenomenon was observed that the local flux of the fiber with inside diameter of 0.5 mm at the dead-end was approximately close to zero, which implied that there existed an effective working length of the submerged hollow fiber membrane at a certain operating condition.
The reason was that the longer and thinner hollow fiber membrane suffered from more severe
Revised manuscript AIChE-15-16842R2 for submission to AIChE Journal 21 filtration resistance and fluid resistance when the fluid flowed through the fiber lumen under a certain imposed flux, thus leading to a lower driving force near the dead-end. 26 Therefore, the optimization of fiber geometry is great significance of the stable operation of submerged hollow fiber membrane system.
(Insert Figure 8 here)
Optimization of fiber geometry
To fully evaluate the effect of fiber geometry on productivity, the effects of fiber length and diameter on the water production efficiency with different average operating fluxes of 10, 15, 20 and 25 L/(m 2 .h) were predicted and presented in Figure 9 . As shown in Figure 9 , the growth rate of water production efficiency for the fiber with small inside diameter was larger than that for the fiber with large inside diameter as increasing fiber length at any operating flux when fiber length was less than 2.0 m. It can be seen in Figure 9a that the water production efficiency increased firstly and then reached the stable state with the increase of fiber length when fiber inside diameter was at the range of 0.5-0.7 mm.
However, the water production efficiency increased gradually and monotonously with increasing fiber length when fiber inside diameter was at the range of 0.7-1.0 mm.
Similarly, when the averaged operating flux increased to 15 L/(m 2 .h), the water production efficiency increased firstly and then decreased with increasing the fiber length when fiber inside diameter was at the range of 0.5-0.7 mm, whereas it increased firstly and finally reached a plateau when fiber inside diameter was at the range of 0.7-1.0 mm ( Figure Revised /kWh, and the corresponding fiber length was 2.1, 1.9 and 1.6 m, respectively. There are two reasons: One is the thinner and longer fibers can lead to high packing density. 7 For filtration at constant flux, the high packing density could increase the permeate flow rate per unit cross section area. The other is the thinner and longer fibers may lead to a higher immersion depth of module and greater axial pressure drop, which implies that more energy is needed for aeration and permeate suction. 14 The analysis indicated that there is an optimal fiber length for a given fiber inside diameter and averaged operating flux. Therefore, it is necessary to choose optimal fiber geometry with compromised performance of specific energy consumption and permeation flux.
(Insert Figure 9 here)
Based on the Eq. (27) used as the objective function for optimization, the optimum fiber length and the corresponding water production efficiency with varying average operating flux and fiber inside diameter are presented in Figure 10 . It can be seen in Figure 10a .h) and 1.0 mm, respectively. The reason was that the thinner fiber at higher operating flux results in significant pressure drop along fiber. 7 However, the corresponding water production efficiency increased with the increase of both averaged operating flux and fiber inside diameter as shown in Figure 10b .
By closely scrutinizing Figure 10a and b, it was noted that regardless of the changes of average operating flux, the optimum fiber length and the corresponding water production efficiency increased simultaneously with increase of fiber inside diameter. For example, the optimum fiber length increased from 0.6 to 1.6 m and the corresponding water production efficiency increased from 3.0 to 3. Captions of Tables   Table 1. Input parameters for fiber optimization analysis   Table 2 . Characteristics of the submerged hollow fiber membrane modules for local flux measurement Non-working section I (mm) 0 100 200 300 400 500 600 700 800 900
Working section (mm) 100 100 100 100 100 100 100 100 100 100
Non-working section II (mm) 900 800 700 600 500 400 300 200 100 0 
